This paper presents the application of the boundary element method to the shape sensitivity analysis of two-dimensional composite structures in contact. A directly differentiated form of boundary integral equation with respect to geometric design variables is used to calculate shape design sensitivities for anisotropic materials with frictionless contact. The selected design variables are the coordinates of the boundary points either in the contact or non-contact area. Three example problems with anisotropic material properties are presented to validate the applications of this formulation.
Introduction
Shape sensitivity analysis, that is the calculation of quantitative information on how the response of a structure is affected by changes in the variables that define its shape, is a fundamental requirement for shape optimization. Shape optimization is an important area of current development in mechanical and structural design.
Computerized procedures using optimization algorithms can iteratively determine the optimum shape of a component while satisfying some objectives, without at the same time violating the design constraints. The boundary element method being a surfaceoriented technique is well suited for shape optimization problems [1] [2] [3] [4] [5] . In : Engineering Analysis with Boundary Elements. 33, 2, p. 215-224 10 p. In the last two decades important advancements have been made in the analysis of contact problems using the finite element or boundary element methods. The latter seems to have proved advantageous in treating the contact between linear elastic solids [6] [7] [8] . The contact surface design is usually the first requirement to reduce the stress peaks. Therefore, various efforts have been made to produce optimal designs which increase the performance and reliability of the structure in contact environments [9] [10] [11] [12] [13] . The effect of material properties should next be considered in conjunction with the shape optimization to obtain the required performance of the component. However, in this field of research the analysis has been mostly concentrated on isotropic materials.
The application of composites in aerospace, automobile, civil and marine industries is well established today due to the known benefits such as high specific stiffness or strength and the material's tailoring facilities for creating high performance structures.
An understanding of the interactions between the composite material components and their optimum contact surface design can further enhance their potential applications.
The objective of this work is directed towards the shape sensitivity analysis of twodimensional anisotropic structures in frictionless contact. This study continues the previous works of the author on the shape optimization of anisotropic structures using the boundary element method [1] [2] [3] , where the effect of material properties on the optimum shape design of structures was investigated.
In Ref. [3] , a directly differentiated form of the BIE, with respect to boundary point coordinates, was used to calculate stress and displacement derivatives for two- In : Engineering Analysis with Boundary Elements. 33, 2, p. 215-224 10 p. dimensional anisotropic structures. In Ref. [2] , the optimal shape design of an anisotropic elastic body of maximum stiffness and minimum weight under specified loadings and using the boundary element method, was obtained. The elastic compliance of the structure was minimized while there were constraints on the maximum stress and weight of the structure. The objective of the work in Ref. [1] was directed towards the optimal positioning of features in anisotropic structures for maximum stiffness while the weight remains unchanged. The elastic compliance was minimized while there were constraints on the maximum stress and the geometry of the structure. To the author's knowledge, no other publications are available on the shape optimization of composite materials using the boundary elements.
Here, the design sensitivity analysis of composite structures in contact has been carried out by direct differentiation of the structural response rather than using the finite difference method. The design variables are taken as the coordinates of some nodes on the boundaries of either body which is in contact. The selection of the boundary points as the design variables is more general than selecting simple geometrical variables such as radii, etc. The advantage of the proposed method is that it can be applied to any geometry, not necessarily regular shapes. However, when entire segments of the boundary or domain are governed by a single variable such as radius, the relevant velocity terms are applied together in the sensitivity analysis with respect to that variable [1] . The formulation obtained in the present study may be employed in conjunction with any numerical optimization algorithm for the shape optimization of anisotropic components in contact. In : Engineering Analysis with Boundary Elements. 33, 2, p. 215-224 10 p.
Constitutive equations for plane anisotropic elasticity
The stress-strain relations for a two-dimensional homogeneous, anisotropic elastic body in plane stress is 
where jk  and jk  (j, k=1,2) are the stresses and strains, respectively [14] . The coefficients a mn are the elastic compliances of the material. These compliances can be written in terms of engineering constants as
Combining equations (1), (4) 
By introducing the operator D s (s=1,4) as
and  s are the four roots of the characteristic equation To have a solution for the stress function, the term in square brackets must be zero.
Lehknitskii [15] has shown that, for an anisotropic material, these roots are distinct and must be purely imaginary or complex and they may be denoted by
where  j and  j (j=1,2) are real constants, 1   i and the overbar represents the complex conjugate. Therefore, the stresses and displacements in an anisotropic body can be expressed in terms of the complex coordinates (z j ) 
and their complex conjugates.
3.
Review of the boundary element method for anisotropic materials in contact
The analytical formulation of the direct boundary integral equation (BIE) for plane anisotropic elasticity may be developed by following the same steps as in the isotropic case [16] [17] [18] .
The boundary element method is based on the unit load solutions in an infinite body, known as the fundamental solutions, used with the reciprocal work theorem and appropriate limit operations. The boundary integral equation (BIE) of the BEM for anisotropic materials is an integral constraint equation relating boundary tractions (t j )
and boundary displacements (u j ) and it may be written as
P( 1 , 2 ) and Q(x 1 ,x 2 ) are the load and field points, respectively. U jk (P,Q) and T jk (P,Q)
are the fundamental solutions that represent the displacements and tractions, respectively, in the x k direction at Q because of a unit load in the x j direction at P in an infinite body. The constant C jk depends on the local geometry of the boundary at P, whether it lies on a smooth surface or a sharp corner. In terms of the generalized complex variables
the fundamental solutions for displacements and tractions, respectively, can be written as 
where n j are the unit outward normal components at Q with respect to the x 1 
when two bodies are in contact , equation 12 is employed individually for each body involved. In general, the equations can be written as The boundary-element implementation of equation (17) entails boundary discretization. Quadratic isoparametric elements can be employed for the analyses.
Substitution of these isoparametric representations into equation (17) In the case of stick contact node pair (a, b) where there is no relative slip
For the frictionless node pairs, all the relations which hold between the nodal tractions and displacements for the Coulomb slip contact condition are applied, except that the value of 'Coulomb coefficient of friction' is set to zero [6, 7] .
For the frictionless contact, it is assumed that the slip is in the local tangential direction. If (u s ) is the amount of slip between node pair a and b in the tangential direction, then the following displacement relations can be written in the local coordinates, 
where  c is the contact angle. From equations (21) the amount of slip (u s ) can be obtained:
and therefore using equations (21) and ( 
Here only the frictionless contact is considered. For the application of the contact conditions and construction of the final system of equations refer to Ref. [19] .
Direct differentiation of the boundary integral equation
Direct differentiation of the boundary integral equation with respect to a design variable, x h (h=1,2) (which is most likely to be the coordinate of a node on the movable part of the boundary) results in the following equation: The derivatives of the terms that only depend on the geometry will be carried out similar to the isotropic materials [4, 5] . The derivatives of the kernels for anisotropic materials will be as follows [3] : The complex coordinates and their conjugates can be written as 
Thus, the design sensitivity analysis is carried out by direct differentiation of the structural response (Eq.18) with respect to design variables.
This is a set of linear algebraic equations for the unknown gradients, Following the calculation of displacement gradients, the gradients of stresses can be obtained [2] [3] . 
The selection of the boundary point coordinates in the shape optimization process is more flexible than selecting simple geometrical variables such as radii, etc. as the design variables. However, when the entire segments of the boundary or domain are governed by a single variable such as radius, then each shape variable will be associated with the coordinates of a series of boundary nodes. Thus the relevant velocity terms are applied together in the sensitivity analysis with respect to that variable to determine the gradients of the objective function and the constraints.
In the recent study by the author shape design sensitivity analysis of a twodimensional anisotropic domain, which contains a number of voids of arbitrary shapes was carried out [1] . The objective was to perform the design sensitivity analysis of the structure with respect to the translation and rotation of the voids using the boundary element method. The sensitivity analysis, with respect to the design variables such as feature positions and orientations, was achieved by the definition of appropriate design velocity fields for these variables. It was shown that, if the entire boundary is governed by a single geometric variable () such as radius, the material derivative F with respect to the variable can be written as etc. The derivatives of the stresses and displacements can be obtained using the relations which were presented earlier in this section.
The elastic compliance is evaluated as the strain energy of the structure
The derivatives of the elastic compliance, with respect to the boundary point coordinate, x h , can also be calculated analytically as follows:
Equation 34 shows that during the analysis the compliance derivatives are calculated after, the tractions, displacements and their derivatives are obtained.
Results and discussuion
Three examples are analysed and the results are presented. The accuracy of the sensitivity analysis of the proposed method is verified by the analyses of a cylindrical roller on an elastic foundation (Fig.2 ) and the contact of two cylindrical rollers (Fig.3) . The third example is related to an inclusion in a composite flat plate subject to uni-axial loading (Fig.4) .
Based on the analytical solution for the Hertzian contact of two anisotropic bodies, the pressure distribution, P(x), in the contact area can be obtained using the following equation [20] [21] [22] , Here, E* is called the equivalent material stiffness for the anisotropic materials in contact. Table 1 . Every component is being treated as a lamina that has four engineering constants, E L , E T , G LT and  LT with a lamina orientation angle of zero.
Steel and Aluminium are isotropic materials but in the current analysis it is assumed as if they are anisotropic
. It is also assumed that for each anisotropic material the fibre direction (L) is in the same direction as the applied load (Y). Therefore, for each boundary point
. Fig. 6 shows the sensitivities of the contact pressure with respect to R* obtained using the BEM.
In order to obtain the corresponding analytical values, the Hertzian equation (39) is differentiated with respect to the radius of the cylinder (R*=R A ), where R B is infinite. Fig. 6 shows the derivatives of the contact pressure with respect to the radius for the contact material systems studied in Fig. 5 . The sensitivities are normalized with respect to the sensitivity of the maximum contact pressure (at x=0.) for the case when the steel cylinder is in contact with the steel foundation. The numerical and analytical results are in good agreement. Fig. 6 also shows that irrespective of the material 33, 2, p. 215-224 10 p. properties at about x=0.7a, the derivative of the contact pressure with respect to the radius is zero. This can also be proved analytically. Combining equations 37, 39 and 43, when . 0 ) (
shows that at the point where the derivative of the contact pressure is zero (x=a 0 ), the following relation is satisfied.
In a recent study by Sfantos and Aliabadi [13] , a boundary element sensitivity formulation for contact problems using the implicit differentiation method was presented. They differentiated the boundary integral equation analytically with respect to the shape design variables such as radii. In their formulation the design variables were defined in terms of the normal gap between the contact bodies where the derivative of the normal gap with respect to the design variables was calculated using the finite difference scheme. They also analysed the above example where both the cylinder and foundation had identical isotropic material properties. Their results agreed very well with the corresponding analytical results.
The next example is the Hertzian contact of two cylindrical rollers subject to the compressive force Y. See Fig. 3 . The rollers are made of graphite-epoxy and steel, respectively, with the properties shown in Table 1 . It is assumed that for the graphiteepoxy cylinder the fibre direction (L) is in the same direction as the applied load (Y).
Three different loading cases are considered which obviously will result to three different contact zone sizes, with the contact half-length of a=0.105 R*, 0.157 R* and 0.21R*, respectively. Fig. 7 shows the contact pressure distribution along the contact area obtained using BEM and also the corresponding analytical results calculated using equation 39, which are in very good agreement. Fig. 8 shows the gradients of The analytical solution for an isotropic infinite plate with a circular inclusion of the same material is given by Stippes et al [23] for the frictionless case. They calculated the radial and circumferential stresses on the boundaries of the inclusion and the plate.
They concluded that the angle of contact is independent of the elastic properties. Wilson [24] applied the same analytical approach for the case when the isotropic plate and the inclusion are made of different isotropic materials. Fig. 9 shows the circumferential and radial stresses calculated numerically using BEM for an aluminium plate with an aluminium inclusion. Fig.9 also shows the corresponding stresses of an aluminium plate with the steel and graphite-epoxy inclusions. As expected, the steel inclusion with the higher stiffness will create higher contact stress and slightly lower contact angle. However, the graphite-epoxy inclusion will produce lower radial stresses but higher circumferential stresses. For the sake of comparison, the circumferential stresses around the hole in the plate, in the absence of the inclusion, are also included in Fig. 10 . It can be seen that the circumferential stresses around the hole in the graphite-epoxy plate, with the high E L /E T ratio, are relatively higher than the corresponding stresses in the aluminium plate studied earlier.
The maximum radial stress in the graphite-epoxy plate with the steel inclusion is about 75% higher than the corresponding value of the graphiteepoxy plate with the graphite-epoxy inclusion, as expected. General-speaking, the inclusions will lower the circumferential stresses around the hole but the amount of reduction by the steel or aluminium inclusion is much higher than the amount of reduction by the graphite-epoxy inclusion.
In a recent study of the author, the optimal design of an anisotropic elastic body of maximum stiffness and minimum weight under specified loadings and using the boundary element method, was obtained. The design variables were the coordinates of some points on the movable part of the boundary where shape is to be optimized.
The Hermitian cubic spline functions which are combinations of piecewise cubic curves, with continuous first and second derivatives at the ends of each curve, were used to represent the boundary shape. This provides a flexible and compact method for defining boundary geometry using a small number of design variables. The elastic compliance or the total strain energy of the structure was minimized while there were constraints on the maximum stress and weight of the structure. During the optimization process the derivatives of the overall strain energy of the structure with respect to the design variables were required. Similarly, in order to obtain the optimum shapes of two bodies in contact with the maximum stiffness, the sensitivities of the elastic compliance with respect to the design variables must be evaluated,
Next, the gradients of the overall strain energy of the plate with inclusion are obtained. The radii of a series of points around the boundary of the hole at the fixed angles are selected as the design variables. First, the derivatives of the overall strain energy are taken with respect to the Cartesian coordinates of the design variable points, then using the following equation the sensitivities are calculated with respect to the radii of these points.
The design variables are either in the contact or non-contact zone. Fig.11 shows the sensitivities of the overall strain energy of the plates with inclusion (Figs. 9 and 10) with respect to the radii of the points around edge AB (Fig.4) . The results show that the trend in variation of the sensitivities is mainly influenced by the material property of the inclusion. In the case of the plate with the aluminium or steel inclusion, the sensitivities have a uniform variation inside the contact zone and a highly nonlinear variation outside the contact region. The gradients of the plate with the graphiteepoxy inclusion have nonlinear variation both inside and outside the contact zone.
Irrespective of the material properties, for >60, the sensitivity of the compliance with respect to the radial position of the boundary point is relatively small.
The sensitivities of the plate with the steel or aluminium inclusion are relatively lower than the corresponding values in the plate with the graphite-epoxy inclusion.
However, it should be noted that the sensitivities must be normalized before being used in a shape optimization algorithm because the normalization provides a simple means of identifying the important parameters in the design [2, 5] . The simplest approach is to find the maximum absolute gradient component, then normalize all the sensitivities by dividing them to this scaling factor.
At present the variable points are selected on the boundary of the plate's hole.
However, during the iterative procedure of the shape optimization appropriate constraints must be applied to reach a feasible design for the contact surface, for the maximum stiffness while minimizing the maximum contact pressure of the structure.
Summary and conclusion
Following a brief review of the mathematical basis of the BIE method for two elastic anisotropic materials in contact, analytical differentiation of the BIE was carried out with respect to the positions of the boundary nodes. Shape design sensitivity analysis was performed to compute the derivatives of displacements, stresses, elastic 
